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Equilibrium vs. Out of equilibrium




Second law

Macroscopic Irreversibility:
Clausius (1850), thermodynamic:

Ep := AS >0,
Equilibrium — Ep =0.

Do we have the converse ?

For classical Markov chains, Ep = 0 iff detailed balance holds.

Definition (Detailed balance)
A Markov kernel P with invariant measure p verifies detailed balance condition if P is
self adjoint with respect to the inner product

(f,8)u :/?g dp.

Do we have equivalence for quantum repeated measurements?



A canonical experiment

S. Haroche group experiment:

[P

[T

1101111111110011101101111
ddcbeccabecdaadaabadddbadbe

0101001101010101101011111
dababbaacbcedadecdecbaaacc

Jj 0001000110110000001010110
i1 ddcaddabbccdccbedaabbecab

j 0001010100000100011101101
i bedaddaabbbbdbdcdccadaada
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States and quantum channels

Definition (States)
A state p is a trace 1 positive semi definite matrix:

peED :={ue MyC)|pn=>0, tru=1}.

Definition (Completely Positive (CP) maps)
A positive linear map W : My(C) — My(C) is said completely positive iff. W ® Idy, c)
is positive for any n € N.

Definition (Quantum channels)
A quantum channel is a CP map & that preserves the identity: ®(/) = /. Equivalently
tro®* = tr.

Average evolution for repeated interactions:
Pnt1 := ®*(pn).



Quantum detailed balance

Definition (Quantum detailed balance)

For any s € R, let ®(*) be the adjoint of ® w.r.t. the scalar product
(A, B)s = tr(p*A*p'=*B).

Then the quantum channel ® verifies (s-QDB) if there exists an antiunitary involution
J:C9 — C9 such that ®() = Jo(J - J)J.
Remarks (from [Fagnola, Umanita '08])

o & verifies (s-QDB) for s # % if and only if it verifies (0-QDB);

(0-QDB) = (1-QDB) butw

o if (0 jsa quantum channel, then for any s € R, o) = CD(O);

(0-QDB) = & (restricted to a subset of D) essentially represents the kernel of
a classical Markov chain on d states;

o the canonical reversal ® is the s = 1/2 dual of J®(J - J)J.
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Instruments

Definition (Instruments)
A quantum instrument,

J = A{®a: Mg(C) = My(C)}aca

is a set of CP maps such that

¢::Z¢a

acA
is a quantum channel.
Meaning:
The letter a summarizes the measurement result after one interaction and ®, encodes
the effect of the interaction, given the measurement result is a.

After one indirect measurement,

o*
o1 a(pO)

= —2—"_ with prob. tr®Z(po).
13 (00) ()
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Probability measures

Definition
Let J be a quantum instrument. Let p € D. Then the probability to measure the
finite sequence a1, az,...,an is,

P(aL,. .., an) = tr(p®s, 0 - - 0 b4, (Iy)).

Summary: Such P is the distribution of the data sequence obtained in a repeated
quantum measurement experiment.



Probability measure properties

Ergodic property:

e If & is irreducible (i.e. ®* has a unique faithful stationary state p = ®*(p)), then
P is ergodic w.r.t. the left shift.

Upper quasi Bernoulli property:
e 3C > 0 such that, for any two finite sequences ai,...,a and by, ..., bp,

P(ai,...,an, b1,...,bp) < CP(a1,...,an)P(b1,...,bp).



Order reversal

Let 6 be an involution of A. For example 6(1) =2, 6(2) =1...

A time reversal of the data sequence is then:
On(a1,...,an) = (6(an),...,0(a1)).

The probability of the reversed sequence is:

P(a,...,an) = P(0(an), ..., 0(a1)).



Reformulation as an instrument HT

Pis always the unraveling of a reversed ® by a reversed instrument j = {63}3.
An example is:

~ 1, 1 1. 1

®a(X) = Jp~ 205, (p2 IXUp2)p~ 2 J

with J : Mg(C) — My(C) an anti unitary involution such that [J, p] = 0.

Remark that ® is the dual of Jo(J - J)J w.r.t. the inner product (-, )

o
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Relative entropy convergence

The entropy production is

P P(ala~--73n)
Sn(P|P) := Z P(al,...,an)logﬁi >0
a1yeeesdn (a1,-..,an)

Theorem (B., Jaksi¢, Pautrat, Pillet '16)
Assume O is irreducible. Then,

1 ~
Ep:= lim =5,(P|P)
n—oo n

exists and
Ep=0&P=P.

What is the relation between P = P and (%-QDB)?



Stinespring’s dilation

Theorem (Stinespring’s dilation theorem ’55)

If & is a quantum channel, there exists k € N and an isometry V : C? — Ck @ C?
such that

O(X) = V*(I, ® X)V VX € My(C).

Moreover if V and W are two Stinespring dilations of the same quantum channel ®,
then there exists a unitary matrix U € My (C) such that

W=U®I) V.



Informationally complete instruments

Proposition
Given a dilation V' of ®, then for any instrument J that sums to ®, there exists a
POVM {M3;}.c 4 such that for any a € A,

D,(X) = V* (M, ® X)V VX € My(C).

Definition (Informationally complete POVM)
The POVM {M,}.c.4 is said informationally complete if linspan{M,},c.4 = My(C).

Definition (Informationally complete instrument)
The instrument 7 is informationally complete if there exists an informationally
complete POVM {M,},c 4 that can generate the instrument 7.



Finitely correlated state (FCS)

If J is an informationally complete instrument, P = w with w a purely generated FCS
on Qpez Mi(C).

P=w=
VHV V-V
T =
My My My, M, p

| | | | J
V* [ V* [ v* L V*




Definition (Unitarily implementable involution)
For a given POVM {M,},c 4, we say that the local involution @ is unitarily
implementable if there exists a unitary involutive matrix U € M (C), such that

UMQU = MG(Q)‘

Theorem (B., Cuneo, Jaksi¢, Pautrat, Pillet '19)

Assume ® is primitive. Then, the following are equivalent.

o O verifies (3-QDB);

e There exists an informationally complete instrument J summing to ® and a
unitarily implementable local involution 6 for an informationally complete POVM
generating J such that Ep = 0.

Proof:

= Stinespring’s dilation theorem and the duality operation is an involution.

<« [Fannes, Nachtergaele, Werner JFA '94] uniqueness of purely generated FCS and
the duality operation is an involution. O
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